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Abstract. In this paper, we discuss refined Humbert invariants of prin-
cipally polarized superspecial abelian surfaces. Kani introduced the re-
fined Humbert invariant of a principally polarized abelian surface in 1994.
The main contribution of this paper is to calculate the refined Hum-
bert invariant of a principally polarized superspecial abelian surface. We
present three applications of computing this invariant in the context
of isogeny-based cryptography. First, we discuss the maximum of the
minimum degrees of isogenies between two uniformly random supersin-
gular elliptic curves independent of their endomorphism ring structures.
Second, we provide a different perspective on the fixed isogeny degree
problem using refined Humbert invariants, and analyze this problem on
average without endomorphism rings. Third, we give experimental evi-
dence for the proven upper bounds that the minimum distance is ≈ √p;
our work verifies this claim up to p = 727.
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1 Introduction

Isogeny-based cryptography is an active area of post-quantum cryptography that
uses computing isogenies between given elliptic curves (or abelian varieties) over
finite fields as the underlying mathematical hard problem. This work builds on
and contributes to the computation of refined Humbert invariants of principally
polarized superspecial surfaces to understand some heuristic assumptions related
to the degree of an isogeny between two supersingular elliptic curves.

In our work, we compute refined Humbert invariants of principally polarized
superspecial surfaces and then deploy three applications of these invariants to
analyze isogeny degrees. To the best of our knowledge, this work presents the first
computation of these invariants for principally polarized superspecial surfaces.

First, we show that the maximum of all the minimum distances between su-
persingular elliptic curves is ≈ 1.22

√
ℓp for a generic prime p, and ≈ 1.31

√
p



where p ≡ 3 (mod 4) without any knowledge of endomorphism rings. Without
the machinery of refined Humbert invariants, of which we take advantage in this
work, the most natural approaches to verifying this heuristic for small examples
are to either brute-force compute all the isogenies or brute-force compute all
the quaternion orders. In both cases, the most natural algorithm would look like
listing every pair of vertices, then finding the minimum isogeny degree and the
norm of the connecting ideal linking the two vertices. Our approach is concep-
tually simpler: the only computations required are simple checks on quadratic
forms.

Secondly, we give a different approach to examine the fixed-degree isogeny
problem. Lack of a security reduction between the general isogeny problem and
the fixed-degree isogeny problem affects several isogeny schemes, for instance,
KLPT-based SQIsign [13,14,4]. The verification step of SQIsign is not determin-
istic because SigningKLPT does not guarantee a specific isogeny degree, and this
slows down the protocol, thereby affecting the performance [13, §5], [14, §4], [3,
§6.2]. The improved algorithms for the fixed degree isogeny problem were given
in [2], given the knowledge of endomorphism rings of E1 and E2. We, on the
other hand, obtain the degree maps without depending on any given informa-
tion End(Ei) for i = 1, 2, and we can test the average distribution of isogeny
degree between supersingular elliptic curves over a finite field of characteristic
p. Our method is not based on any knowledge of the endomorphism rings.

Thirdly, we run experiments on the average distribution of isogeny degrees
between supersingular elliptic curves defined over Fp2 . We run these experiments
directly on the degree maps themselves, without needing any computations of
isogenies or endomorphism rings. Our experiments verify that the complexity of
a minimum isogeny between two supersingular elliptic curves is around ≈ √

p, as
was previously known by [18, §4.2], and also by the proven bound is 2

√
2p/π by

[6, Lemma 12]. To the best of the authors, this is the first experimental evidence
of this kind. We discuss these proven bounds and validate their correctness with
experiments by assuming less information.

Let A be an abelian surface over a finite field Fpk for k ≥ 2 and let NS(A)
be its Néron-Severi group. The intersection product (D1 ·D2) of divisors D1 and
D2 on A defines an integral quadratic form qA on NS(A), Definition 3. Since
NS(A) ∼= Zρ where ρ = ρ(A) is the Picard number of A, the quadratic form5

qA is equivalent to an integral quadratic form q in ρ variables, so it leads to an
isomorphism (NS(A), qA) ∼= (Zρ, q) of quadratic modules.

Let A be an abelian surface and let θ be a principal polarization on A, see
Definition 2. Then the integral quadratic form q̃(A,θ) on NS(A) is defined as

q̃(A,θ)(D) = (D · θ)2 − 2(D ·D) for D ∈ NS(A).

It follows that q̃(A,θ)(D + nθ) = q̃(A,θ)(D) for all n ∈ Z, therefore we have
a quadratic form q(A,θ) defined on the quotient module NS(A, θ) = NS(A)/Zθ,
called polarized Néron-Severi group. The form q(A,θ) is a positive-definite quadratic

5 Throughout the paper, a quadratic form means always an integral quadratic form.
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form on polarized Néron-Severi group NS(A, θ) ∼= Zρ−1, and it is called a refined
Humbert invariant, see Section 2.1 for details.

The computation of refined Humbert invariants is a challenging problem; this
has been thoroughly examined in Kani’s research [26,28,29,30,31,32] and recently
in Kır’s thesis [38,39,37]. Fortunately, the determination of a refined Humbert
invariant is comparatively easier when A ∼= E1×E2 for elliptic curves E1, E2. In
this case, there exists a close relation between divisors in the Néron-Severi group
and isogenies between E1 and E2. By using the isomorphism Theorem 1 below,
we can represent divisors on NS(E1 × E2) as D = D(a, b, φ) with two integers
a, b and an isogeny φ. This representation allows us to compute the intersection
number of divisors in an easier way. The relation between the refined Humbert
invariant and the degree map, Definition 4, is given by Lemma 2 that

q(E1×E2,θE1×E2
) is Z-equivalent to x2 + 4qE1,E2

where θE1×E2
is a canonical product polarization and qE1,E2

∈ Z[y1, . . . , yn] is
the degree map, see Definition 4.

1.1 Contribution

The main strategy is to start with a supersingular product surface A = E1×E2.
Then, we choose a principal polarization θ and a random divisor D on NS(E1 ×
E2) to calculate the refined Humbert invariant, see Definition 6. Thus, we apply
the irreducibility criteria, see Proposition 2, of the refined Humbert invariant
q(A,θ) of a principally polarized superspecial abelian surface to decide whether
it is a product of two elliptic curves or not. Later, we use the relation of the
refined Humbert invariant with the degree map, see Equation (8), then pull out
the degree map and check the minimum value represented by it.

In terms of computational assumptions on the degrees of isogenies between
supersingular elliptic curves, we want to investigate the minimal integer rep-
resented by such degree maps for different choices of principal polarizations θ,
as they are exactly the minimum isogenies between two supersingular elliptic
curves. Then, we aim to find the largest possible minimal degree that allows us
to find a bound on the maximum value of the minimum isogeny degree reached
by every pair of two supersingular elliptic curves. That is, for a fixed prime p,
we aim to understand the value

d := max
qE1,E2

{min{N : qE1,E2
(t1, t2, t3, t4) = N for some t1, t2, t3, t4 ∈ Z}}.

This set ranges over different unknown supersingular curves E1 and E2 over Fp2 .
The contributions of this paper are as follows. First, our experiments, see

Section 3.4, show that the upper bound on the minimum degree of isogeny be-
tween two random supersingular elliptic curves is on average ≈ 1.22

√
ℓp for a

generic prime p, and ≈ 1.31p1/2 for primes p ≡ 3 (mod 4). Second, we give a
different approach to the fixed degree isogeny problem by computing the degree
maps on average from the intersection theory, unlike known methods the pre-
sumed knowledge of the endomorphism rings, and use the KLPT algorithm. We
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directly compute degree maps from refined Humbert invariants, and our input
does not depend on the chosen elliptic curves E1 and E2. That is, we can test
the degree maps seen on average by varying over different elliptic curves. Third,
we verify with our experiments that the minimum isogeny between two supersin-
gular elliptic curves over Fp2 is roughly ≈ √

p as shown previously in [18, §4.2],
henceforth validating the proven upper bound given in [6, Lemma 12], and we
demonstrate experiments up to p = 727.

1.2 Outline

In terms of organization, the paper is divided into preliminaries, computations
of refined Humbert invariants and degree maps, and applications for supersingu-
lar isogeny degrees. In Section 2, we summarize the theory of refined Humbert
invariants and superspecial abelian varieties. In Section 3, we develop various al-
gorithms to compute refined Humbert invariants and degree maps, and present
how computations were performed. In Section 4, we discuss the applications of
our method and its impact on various isogeny-related problems, especially to
analyze the supersingular isogeny degrees.

2 Preliminaries

2.1 Refined Humbert invariant

A refined Humbert invariant q(A,θ) of a principally polarized abelian surface
(A, θ) is the main tool of this paper. In this section, we introduce the theory of
refined Humbert invariants defined by Kani [26] in 1994. This invariant is very
beneficial in the interplay between geometric and arithmetic problems. Many
applications of these invariants can be found in [28,29]. This section mainly
follows from Kani [30,31]. We only present essential facts of refined Humbert
invariants here. For more details, see the PhD thesis [37] and the [41, §3] on the
topic.

Definition 1. [20, p.357] Let A be an abelian surface over a field K. Let Div(A)
be the set of divisors of A. If D1 and D2 ∈ Div(A), then we say that D1 is
numerically equivalent to D2, denoted by D1 ≡ D2, and if for all D ∈ Div(A)
we have that

(D1 ·D) = (D2 ·D),

where (·) denotes the intersection number.

The intersection theory of an abelian variety is an immense topic, and not pos-
sible to define the topic properly here due to space constraints. We refer the
reader to Chapter 4.1 of [58] and Chapter V.1 of [20] for technical details. For-
tunately, we utilize a simple formula for the intersection formula in the case of
A = E1 ×E2 given by Theorem 1 below, and it is sufficient for our calculations.
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Néron-Severi group. Let A/K be an abelian surface. We define the Néron-
Severi group NS(A) of A to be

NS(A) = Div(A)/ ≡,

where ≡ is the equivalence defined in Definition 1. This definition agrees with
the usual definition of NS(A) in [45, p.101] since the Pic0(A)-equivalence and
the numerical equivalence coincide by the Corollary of Theorem V.1 in [45].

Definition 2. Let A/K be an abelian surface. We define

P(A) = {cl(D) ∈ NS(A) : D ∈ Div(A) is ample and (D ·D) = 2}.

to be the set of principal polarizations of A.

By using Nakai-Moishezon criterion [20, Theorem V.1.10], we see that if D ∈
NS(A) is ample, then D′ ∈ cl(D) is ample.

Definition 3. The intersection product (D1 · D2) of divisors D1, D2 on an
abelian surface A defines an integral quadratic form qA on NS(A), called inter-
section form:

qA(D) =
1

2
(D ·D) for all D ∈ Div(A).

Since NS(A) ∼= Zρ where ρ = ρ(A) is the Picard number of A, the form qA
is equivalent to an integral quadratic form q in ρ variables, so we obtain an
isomorphism (NS(A), qA) ∼= (Zρ, q) of quadratic modules.

Definition 4. [60, Corollary III.6.3] We define the degree map (or degree
quadratic form)

qE1,E2(φ) = deg(φ) for φ ∈ Hom(E1, E2).

The degree map qE1,E2
is a positive definite quadratic form on Hom(E1, E2) in

r variables, where r = rank(Hom(E1, E2)) = dimQ(End
0(Ei)).

For a fixed basis of Hom(E1, E2), the degree map qE1,E2 is an explicit positive
definite quadratic form in r variables.

Definition 5. [17, Corollary of Section 6.4] Let X and Y be varieties. If h :
X → Y is a morphism of varieties, the graph of h, denoted by Γh is defined to
be {(x, y) ∈ X × Y | y = h(x)}.

We now specialize in the case of products of two elliptic curves.

Theorem 1. [29, Proposition 22] Let A = E1 × E2 be a product of two elliptic
curves. Then we have a group isomorphism

D := DE1,E2
: Z⊕ Z⊕Hom(E1, E2) −→ NS(A) (1)

D(a, b, φ) = (a− 1)θ1 + (b− deg(φ))θ2 + Γ−φ (2)
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where θi = p∗i (0Ei), and Γ−φ is the graph of −φ. Then the rule (a, b, φ) →
D(a, b, φ) ∈ NS(A) defines a group isomorphism Moreover, for two divisors
D1 = D(a, b, φ) and D2 = D(a′, b′, φ′) in NS(A), the intersection number of
the divisors is given by

(D1 ·D2) = ab′ + a′b− βd(φ,φ
′) (3)

where βd is the bilinear form associated to the qE1,E2
on Hom(E1, E2). Thus,6

(D(a, b, φ)·D(a, b, φ)) = 2(ab−deg(φ)), (D(a, b, φ)·(xθ1+yθ2)) = bx+ay. (4)

Recall that a bilinear form βd is defined by

βd(φ,φ
′) = qE1,E2

(φ+ φ′)− qE1,E2
(φ)− qE1,E2

(φ′).

Using the (3) above, we can easily calculate the intersection numbers of divisors
on abelian product surfaces. Moreover, we can numerically characterize principal
polarizations as follows.

Corollary 1. [29, Corollary 25] Let A/K be an abelian surface and let D =
D(a, b, φ) ∈ NS(A), using the notation of Theorem 1. Then D ∈ P(A) if and
only if a > 0 and ab−deg(φ) = 1. Thus, every principal polarization of A has the
form D(n1, n2, φ) with φ ∈ Hom(E1, E2) and n1, n2 > 0 with n1n2 − (deg(φ)) =
1.

The relation between the intersection form (Definition 3) and the degree map
(Definition 4) is given by

qA(x, y, φ) = xy − qE1,E2
(φ). (5)

where xy denotes the quadratic form defined by the hyperbolic plane. Note that
qA is an indefinite integral quadratic form in ρ = r + 2 variables where ρ is the
Picard number of A, and r is the rank of Hom(E1, E2).

Lemma 1. [31, Lemma 28] The determinant of the Néron-Severi group of E1×
E2 with respect to the intersection form is given by

det(NS(E1 × E2)) = (−1)ρ−1 det(Hom(E1, E2), βd),

where ρ = rank(NS(E1 × E2)) = rank(Hom(E1, E2)) + 2.

Polarized Néron-Severi group. Let A/K be an abelian surface and let θ ∈
P(A) be a principal polarization of A. We define the polarized Néron-Severi
group of (A, θ) to be

NS(A, θ) := NS(A)/Zθ.
6 We would like to emphasize that there is no isogeny computation needed in the

intersection formulas, and only the degrees of the isogenies are involved. This gives
a different approach to the isogeny problem without computing an isogeny.
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Kani discusses in [26, §3] that there is a well-defined map on NS(A, θ), and this
defines a positive-definite quadratic form on NS(A, θ). Suppose that A has a
principal polarization θ ∈ P(A). Then the quadratic form q̃(A,θ) on NS(A) is

q̃(A,θ)(D) = (D · θ)2 − 2(D ·D), for D ∈ NS(A). (6)

It is clear to see that q̃(A,θ)(D+nθ) = q̃(A,θ)(D) for all n ∈ Z. As a consequence,
q̃(A,θ) actually leads to a quadratic form q(A,θ) on the quotient module NS(A, θ).

Definition 6. Let (A, θ) be a principally polarized abelian surface. A refined
Humbert invariant7 q(A,θ) of (A, θ) is a positive-definite quadratic form on NS(A, θ),
or more precisely the quadratic module (NS(A, θ), q(A,θ)), satisfying, for all cl(D) ∈
NS(A, θ)

q(A,θ)(D) = (D · θ)2 − 2(D ·D).

Proposition 1. [31, Lemma 30] Let ρ = rank(NS(A)). Then the determinant
of the quadratic module (NS(A, θ), q(A,θ)) is related to that of the Néron–Severi
group by the formula

det(NS(A, θ), q(A,θ)) =
1

2
(−4)ρ−1 det(NS(A), qA).

Irreducibility criterion. One of the useful properties of a refined Humbert
invariant q(A,θ) of (A, θ) is the following irreducibility criterion.

Definition 7. [66, Satz 2] A polarization θ ∈ P(A) is called reducible (or
decomposable) if θ = cl(E1+E2) for some elliptic curves E1 and E2 on A. The
set of all reducible polarizations is denoted by P(A)red.

Proposition 2. [29, Proposition 6] Let q(A,θ) the refined Humbert invariant of
the principally polarized abelian surface (A, θ), then we have that

θ is reducible if and only if q(A,θ) represents 1. (7)

The Proposition 2 above allows us to decide whether a principally polarized
abelian surface A is Jacobian of a curve (J (C), θC), or a product of two elliptic
curves (E1 × E2, θE1×E2).

A necessary condition. For a generic principally polarized abelian surface
(A, θ), there exists a necessary condition for an integral quadratic form appearing
as a refined Humbert invariant as follows.

Theorem 2. [37, Theorem 3.1.1 ] If an integral quadratic form f is equivalent to
a refined Humbert invariant q(A,θ) for some principally polarized abelian surface
(A, θ)/K, then f ≡ 0, 1 (mod 4).
7 A refined Humbert invariant is considered up to equivalences, so mostly we refer it

as the refined Humbert invariant up to isometries for a fixed principally polarized
abelian surface (A, θ)

7



An equivalent definition. Later, Kani generalized the definition of a refined
Humbert invariant in [31, Remark 16] as follows.

Definition 8. Let A be an abelian surface over a field K. If A has a principal
polarization θ : A → Â defined over K, then we define the additive subgroup
Endθ(A) of the ring End(A) = EndK(A) of K-endomorphisms of A by:

Endθ(A) = {µ ∈ End(A) : µ̂ ◦ θ = θ ◦ µ} = {µ ∈ End(A) : µ = µ′},

where µ′ = rθ(µ) := θ−1 ◦ µ̂◦θ. Thus, Endθ(A) consists of those endomorphisms
which are symmetric with respect to the Rosati involution rθ defined by θ.

Proposition 3. [31, Proposition 14, Remark 16] Let (A, θ) be a principally po-
larized abelian surface over a field K and let q(A,θ) be a refined Humbert invariant
of (A, θ). Then for every µ ∈ Endθ(A), we have that

q(A,θ)(µ) = tr(µ2)− 1

4
(tr(µ))2

where tr is the usual rational trace of an endomorphism as defined in [48, p.182].

There exists a close relation between the refined Humbert invariant q(A,θ) of
a principally polarized abelian surface (A, θ) and the degree map qE1,E2

when
A = E1 × E2 is the product surface, as follows.

Lemma 2. [30, Lemma 21] Let E1/K and E2/K be elliptic curves over an
arbitrary field K, and let A = E1 × E2 be the product surface with the product
polarization θA = θE1 ⊗ θE2 . For a, b ∈ Z, and φ ∈ Hom(E1, E2), then

q(A,θA)(D(a, b, φ)) = (a− b)2 + 4qE1,E2
(φ), (8)

qE1,E2
denotes the degree map on Hom(E1, E2).

More general statements can be given related to refined Humbert invariants by
using elliptic subcovers and isogeny defects as follows.

Definition 9. Let C/K be a curve of genus 2. The presentation of C/K of degree
N is the triple (E,E′, ψ) which arises from a given elliptic subcover F : C → E
of degree N . This triple consists of E, another (isogenous) elliptic curve E′/K,
and an isomorphism ψ : E[N ] → E′[N ] which is an anti-isometry with respect
to the Weil pairing eN .

Definition 10. Attached to ψ, an invariant the isogeny defect mψ is defined as

mψ := min{m ≥ 1 : [m] ◦ ψ = φ|E[N ] for some φ ∈ Hom(E,E′)}.

Theorem 3. [31, Theorem 3] If C/K has a presentation (E,E′, ψ) of degree N
with char(K) ∤ N and isogeny defect m = mψ, and if r = rank(Hom(E,E′)) ≥ 1,
then the refined Humbert invariant qC is a positive definite quadratic form of rank
n = r + 1, which satisfies properties
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(i) det(qC) = 22r+1m2 det(qE,E′).
(ii) qC primitively represents N2.
(iii) qC(x1, . . . , xr+1) ≡ 0, 1 (mod 4), for all x1, . . . , xr+1 ∈ Z.
(iv) qC(x1, . . . , xr+1) ̸= 1 for any x1, . . . , xr+1 ∈ Z.

Theorem 4. [31, Theorem 4] If (E,E′, ψ) is a presentation of degree N of a
curve C/K of genus 2 with char(K) ∤ N , then mψ = 1 if and only if J (C) ∼=
E × E′.

The set P(A, q) is defined as all the principal polarizations θ ∈ P(A) which are
equivalent to the refined Humbert invariant q(A,θ)

P(A, q) = {θ ∈ P(A) : q(A,θ) ∼ q}.

The set of reducible polarizations, as in Definition 7, can be written as the union
of several sets of the form P(A, qi) by varying qi’s in the following way.

Proposition 4. [33, Proposition 6] If A = E×E′ is an abelian product surface,
then

P(A)red =
∐

q∈Gen(qE,E′ )

P(A, x2 ⊥ 4q)

where Gen(q) is the set of isomorphism classes of integral quadratic forms q
which are genus-equivalent to the integral quadratic form qE,E′ .

2.2 Superspecial abelian varieties

First, we shortly summarize elliptic curves for the sake of completeness.
An elliptic curve is an abelian variety of dimension 1. The isogenies of el-

liptic curves are non-trivial homomorphisms between them. Isogenies from an
elliptic curve to itself are called endomorphisms. The set of all endomorphisms
of an elliptic curve E together with the trivial map forms the endomorphism
ring End(E). Let E1 and E2 be two elliptic curves over K. Two elliptic curves
E1,E2 are isogenous E1 ∼ E2 if and only if End0(E1) ≃ End0(E2). An elliptic
curve E defined over a finite field Fpn is said to be supersingular if the endomor-
phism algebra, End0Fp

(E), is isomorphic to definite quaternion algebra Bp over
Q ramified at p and ∞. Here, Bp = Q + Qi + Qj + Qij for i2 = a, j2 = b, and
ij = −ji with

(a, b) =


(−1,−1) p = 2

(−1,−p) p ≡ 3 (mod 4)

(−2,−p) p ≡ 5 (mod 8)

(−ℓ,−p), ℓ ≡ 3 (mod 4),
(
p
ℓ

)
= −1 p ≡ 1 (mod 8)

for some prime ℓ = O(log2 p), see [11, Proposition 1]. Note that there are in-
finitely many (a, b) values that can be used, but we will use Bp = (−ℓ,−p|Q)
where ℓ is the smallest possible integer as stated above for p ≥ 3.
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We now give an overview of supersingular abelian varieties, mostly following
[24,23,21]. We refer to the survey [22] on the correspondence between quaternion
hermitian lattices and supersingular abelian varieties.

An abelian variety over Fpn is said to be supersingular if it is isogenous to
a product of supersingular elliptic curves over Fp [52], and it is said to be su-
perspecial if it is isomorphic to a product of supersingular elliptic curves over
Fp (as an unpolarizedabelian variety). A curve C is called supersingular (re-
spectively, superspecial) if its Jacobian A = J (C) is supersingular (respectively,
superspecial).

Theorem 5. (Deligne, Ogus, Shioda) If A/Fp is a superspecial abelian variety
with dimA = g > 1, then A ≃ Eg for any supersingular elliptic curve E.

For proof, see [51, Theorem 6.2],[59, Theorem 3.5], and [46, Section 1.6].
In the case of dimension g = 1, there are many superspecial abelian varieties

(i.e., supersingular elliptic curves), each with one principal polarization, but in
the case of g > 1, there is one superspecial abelian variety with many principal
polarizations.

From Theorem 1, it follows that the divisors D ∈ NS(E1 × E2) can be seen
of the form

NS(E1 × E2) =

{(
u α
α v

)
: u, v ∈ Z>0, α ∈ O ⊆ Bp

}
. (9)

where O is a maximal order of Bp. The map in Theorem 1 (or using Corollary
2.9 of [24]) induces a bijection between principal polarizations θ ∈ P(E1 × E2)
and positive definite quaternion hermitian matrices with determinant 1

P(E1 × E2) =

{(
u α
α v

)
: u, v ∈ Z>0, α ∈ O, uv − αα = 1

}
(10)

where we vary over all maximal orders O of Bp.
The natural question is how to choose a representative in the conjugacy

(isomorphism) classes of principal polarizations on superspecial abelian surfaces,
as there are too many of them to use in the computations. This issue has been
considered by Hashimoto and Ibukiyama [21]. Let O be a maximal order of Bp,
L(O) be the set of all maximal O-lattices, and L(O; 0) be the principal genus.
Then any O-lattice in B2

p can be written as Λ = (O,O)G for G ∈ GL2(Bp).

Proposition 5. [21, Proposition 22] Λ = (O,O)T belongs to L(O; 0) if and only
if G satisfies the condition

GG∗ = r

(
u α
ᾱ v

)
; u, v ∈ Z>0, α ∈ O, uv − nrd(α) = 1, r ∈ Q×

+. (11)

Any maximal O-lattice in L(O, 0) is equivalent to a maximal O-lattice with
norm O. Therefore, one can reduce the problem of finding all representatives of
the classes in the L(O; 0), to the problem of finding all (u, v, α) satisfying (11)
up to the equivalence by GL2(O).
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Lemma 3. [21, Lemma 13] With the same notation as above, we have the fol-
lowing information regarding the conjugacy classes of any lattice Λ ∈ L(O, 0).

(i) The equivalence class of
(
u α
α v

)
only depends on α (mod v) for fixed v.

(ii) If β, β′ ∈ O×, then
(
u α
α v

)
and

(
u βαβ′

βαβ′ v

)
are equivalent.

(iii)
(
u α
ᾱ v

)
and

(
u ᾱ
α v

)
are equivalent.

We apply Lemma 3 to find representatives in the conjugacy classes of principal
polarizations. By using the basis of O over Z, we can give an algorithm as in
[21] find all triples (u, v, α) satisfying the condition in (11) as follows:

1. Let v = 1, 2, 3, . . .

2. For each v, find all α ∈ O/(vO) such that nrd(α) + 1 = 0 (mod v)

3. Compute u = (nrd(α) + 1)/v.

This is incorporated in Algorithm 2.
Furthermore, Lemma 3 allows us to choose the representative of principal

polarizations in the special form
(
u α
α v

)
where v ∈ Z>0 and α ∈ O := Z+ Zi+

Zj+Zij ⊊ O. This crucial fact lets us bypass working with α ∈ O \O as we can
instead choose different values of v and then compute α ∈ O accordingly.

3 Computation of refined Humbert invariants and degree
maps

A refined Humbert invariant q(A,θ) corresponding to a principally polarized su-
perspecial abelian surface (A, θ) is an integral quadratic form in 5 variables,
called quintic refined Humbert invariants8.

Unless stated otherwise, let p be an odd prime and let A = E1×E2 be a super-
singular product surface with principal polarization θ, where E1, E2 are super-
singular elliptic curves defined over Fp. Recall that End0Fp

(E1) = End0Fp
(E2) =

Bp = (−ℓ,−p|Q) where Bp = Q+Qi+Qj+Qij with i2 = −ℓ and j2 = −p.

Remark 1. The isogeny defect (Definition 10) mψ = 1 if and only if ψ is induced
by an isogeny, see [31, Remark 21]. We are interested in the product surface
A = E1 × E2 where E1 and E2 are supersingular elliptic curves over Fp, and
such curves are always isogenous to each other [43, Corollary 77], hence the
isogeny defect is mψ = 1 in this case (also see Theorem 4).
8 Kani refers to them as quintic quadratic forms, although many people in the litera-

ture use quinary integral form. We prefer to use quintic integral forms by following
Kani’s terminology.
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3.1 Quintic integral quadratic forms as refined Humbert invariants

First, we will walk through the two methods available for computing the quintic
refined Humbert invariant q(A,θ) for a principally polarized superspecial abelian
surface (A, θ) where A = E1 × E2 for unknown supersingular elliptic curves E1

and E2.

Method 1: using Definition 6.

1. As in (10), fix the principal polarization θ on the abelian surface E1 × E2

represented by a positive definite hermitian matrix of determinant 1

θ :=

(
u0 w0 + x0i+ y0j+ z0ij

w0 − x0i− y0j− z0ij v0

)
=

(
u0 α0

α0 v0

)
for fixed values of u0, v0 and α0 := w0+x0i+y0j+z0ij ∈ Z+Zi+Zj+Zij such
that u0 > 0, v0 > 0, and u0v0−nrd(α0) = 1, i.e. u0v0−w2

0−ℓx20−py20−ℓpz20 =
1 (i.e. self-intersection number of θ is 2) [24, Corollary 2.9].

2. Choose a random divisor D on E1 × E2 using (9).

D :=

(
u w + xi+ yj+ zij

w − xi− yj− zij v

)
∈ NS(E1 × E2) ⊆M2(Bp)

for u, v, w, x, y, z ∈ Z.
3. Compute the intersection of the divisors θ and D as in [19, §7.5].

(D · θ) = v0u+ u0v + 2(ℓpz0z − w0w − ℓx0x− py0y)

(D · θ)2 = v20u
2 + 2u0v0uv − 4v0w0uw − 4ℓv0x0ux− 4pv0y0uy + 4ℓpv0z0uz

+ u20v
2 − 4u0w0vw − 4ℓu0x0vx− 4pu0y0vy + 4ℓpu0z0vz

+ 4w2
0w

2 + 8ℓw0x0wx+ 8pw0y0wy − 8ℓpw0z0wz

+ 4ℓ2x20x
2 + 8ℓpx0y0xy − 8ℓ2px0z0xz

+ 4p2y20y
2 − 8ℓp2z0y0yz

+ 4ℓ2p2z20z
2

4. Compute the self-intersection of the divisor D as in [19, (7.8)].

(D ·D) = 2(uv − w2 − ℓx2 − py2 − ℓpz2)

5. Compute q̃(E1×E2,θ)(D) = (D · θ)2 − 2(D ·D) as in (6).

q̃(E1×E2,θ)(D) = v20u
2 + 2(u0v0 − 2)uv − 4v0w0uw − 4ℓv0x0ux− 4pv0y0uy + 4ℓpv0z0uz

+ u20v
2 − 4u0w0vw − 4ℓu0x0vx− 4pu0y0vy + 4ℓpu0z0vz

+ 4(w2
0 + 1)w2 + 8ℓw0x0wx+ 8pw0y0wy − 8ℓpw0z0wz

+ 4ℓ(ℓx20 + 1)x2 + 8ℓpx0y0xy − 8ℓ2px0z0xz
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+ 4p(py20 + 1)y2 − 8ℓp2z0y0yz

+ 4ℓp(ℓpz20 + 1)z2

:=
1

2
XtAX

where X =

( u
v
w
x
y
z

)
and A is the coefficient matrix given by

A =


2v20 2(u0v0 − 2) −4v0w0 −4ℓv0x0 −4pv0y0 4ℓpv0z0

2(u0v0 − 2) 2u20 −4u0w0 −4ℓu0x0 −4pu0y0 4ℓpu0z0
−4v0w0 −4u0w0 8(1 + w2

0) 8ℓw0x0 8pw0y0 −8ℓpw0z0
−4ℓv0x0 −4ℓu0x0 8ℓw0x0 8ℓ(1 + ℓx20) 8ℓpx0y0 −8ℓ2px0z0
−4pv0y0 −4pu0y0 8pw0y0 8ℓpx0y0 8p(1 + py20) −8ℓp2y0z0
4ℓpv0z0 4ℓpu0z0 −8ℓpw0z0 −8ℓ2px0z0 −8ℓp2y0z0 8ℓp(1 + ℓpz20)


with det(A) = 216ℓ2p2 (u0v0 − nrd(α0)− 1) = 0.

6. Find a 6×5 matrix T whose entries are integers such that the GCD of its 5×5
minors is 1 and T tAT is the coefficient matrix of the positive-definite quintic
form (refined Humbert invariant q(E1×E2,θ)) by using [37, Proposition 2.1.3].

q(E1×E2,θ)(D) =
1

2

(
t0 t1 t2 t3 t4

)t
(T tAT )


t0
t1
t2
t3
t4


Moreover, since the Picard number9 ρ(A) = 6, using Proposition 1 we get

det(T tAT ) =
1

2
(−4)ρ−1 det(qE1×E2) =

1

2
(−4)6−1(−24ℓ2p2) = 213ℓ2p2

where the intersection form qA = qE1×E2
= 1

2 (D · D) = uv − w2 − ℓx2 −
py2 − ℓpz2 by Definition 3.

Remark 2. In step 1, we choose α0 = w0 + x0i + y0j + z0ij ∈ O where O :=
Z+ Zi+ Zj+ Zij ⊊ O ⊊ Bp = (−ℓ,−p|Q), and O is a maximal order in Bp.

Consider the integral quadratic form f(w0, x0, y0, z0) = nrd(w0 + x0i+ y0j+

z0ij) = w2
0 + ℓx20 + py20 + ℓpz20 with det(f) = det

( 2 0 0 0
0 2ℓ 0 0
0 0 2p 0
0 0 0 2ℓp

)
= 24ℓ2p2. Then α0

above is a solution of f such that f(w0, x0, y0, z0) = u0v0 − 1 for fixed u0, v0 ∈
Z>0.

On the other hand, for p ≡ 3 (mod 4) and Bp = (−1,−p|Q), as in [2, §4],

we can fix O = Z⟨1, β1, β2, β3⟩ = Z
〈
1, i,

i(1 + j)

2
,
1 + j

2

〉
. Then choosing α0 =

9 As NS(A) ∼= Zρ where ρ = ρ(A) is the Picard number of A by [48, p.60], and we
obtain NS(A, θ) ∼= Zρ−1, and q(E1×E2,θ) is a quintic quadratic form [26, p.200].
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w0 + x0β1 + y0β2 + z0β3 ∈ O as in (10), we get the integral quadratic form
g(w0, x0, y0, z0) = nrd(w0 + x0β1 + y0β2 + z0β3) = w2

0 + w0z0 + x20 + x0y0 +

p+1
4 y20 + p+1

4 z20 , such that det(g) = det

( 2 0 0 1
0 2 1 0
0 1 p+1

2 0

1 0 0 p+1
2

)
= p2. Then α0 would be

a solution of g such that g(w0, x0, y0, z0) = u0v0 − 1 for fixed u0, v0 ∈ Z>0.
Therefore, for ℓ = 1, we get det(f) = 16 det(g) as expected, because of

normalization. Moreover, in general, disc(O) = 16ℓ2p2 = 16ℓ2 disc(O) and [O :
O] = 4ℓ see [63, §15.1].

Example 1. Let p ≡ 3 (mod 4), leading to ℓ = 1, and fix θ :=
(

2 i
−i 1

)
then the

above method will lead to

q̃(E1×E2,θ) = u2 − 4ux+ 4v2 − 8vx+ 4w2 + 8x2 + 4py2 + 4pz2

= (u− 2x)2 + 4(v − x)2 + 4w2 + 4py2 + 4pz2

=
1

2

(
u v w x y z

)


2 0 0 −4 0 0
0 8 0 −8 0 0
0 0 8 0 0 0
−4 −8 0 16 0 0
0 0 0 0 8p 0
0 0 0 0 0 8p




u
v
w
x
y
z

 .

Then we get T =

 1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

, leading to

q(E1×E2,θ)(D) = t20 + 4(t21 + t22 + pt23 + pt24).

Note that the quintic refined Humbert invariant q(E1×E2,θ) satisfies the re-
ducibility criteria stated in (2). Therefore, as per Lemma 2, the degree map
is qE1,E2 = t21 + t22 + pt23 + pt24.

Method 2: using Proposition 3.

1. Let A = E1 × E2 be the abelian surface and take a principal polarization θ
on E1 × E2.

2. As in Definition 8, let

µ :=

(
u w + xi+ yj+ zij

w − xi− yj− zij v

)
∈ Endθ(E1 × E2) ⊆M2(Bp)

for u, v, w, x, y, z ∈ Z.
3. Compute q̃(E1×E2,θ)(D) = tr(µ2)− 1

4 (tr(µ))
2, where tr is the sum of reduced

trace of quaternion elements along the diagonal of the matrix representation.

µ2 =

(
u2 + w2 + ℓx2 + py2 + ℓpz2 (u+ v)(w + xi+ yj+ zij)
(u+ v)(w − xi− yj− zij) v2 + w2 + ℓx2 + py2 + ℓpz2

)
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tr(µ2) = trd(u2 + w2 + ℓx2 + py2 + ℓpz2) + trd(v2 + w2 + ℓx2 + py2 + ℓpz2)

= 2(u2 + v2 + 2w2 + 2ℓx2 + 2py2 + 2ℓpz2)

Moreover, tr(µ) = trd(u) + trd(v) = 2(u+ v). Therefore, we have

q̃(E1×E2,θ)(D) = 2(u2 + v2 + 2w2 + 2ℓx2 + 2py2 + 2ℓpz2)− 1

4
(2(u+ v))

2

= (u− v)2 + 4w2 + 4ℓx2 + 4py2 + 4ℓpz2

:=
1

2
XtAX

where X =

( u
v
w
x
y
z

)
and A =

 2 −2 0 0 0 0
−2 2 0 0 0 0
0 0 8 0 0 0
0 0 0 8ℓ 0 0
0 0 0 0 8p 0
0 0 0 0 0 8ℓp

 is the coefficient matrix with

det(A) = 0.
4. Find a 6 × 5 matrix T whose entries are integers such that the GCD of its

5× 5 minors is 1 and T tAT is the coefficient matrix of the positive-definite
quintic form [37, Proposition 2.1.3]

q(E1×E2,θ)(D) =
1

2

(
t0 t1 t2 t3 t4

)
(T tAT )


t0
t1
t2
t3
t4

 .

Here we get T =

 1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

, such that det(T tAT ) = 213ℓ2p2, leading to

q(E1×E2,θ)(D) = t20 + 4(t21 + ℓt22 + pt23 + ℓpt24).

Note that q(E1×E2,θ) satisfies the reducibility condition stated in (2). There-
fore, as per Lemma 2, the degree map (degree form) is qE1,E2

= t21 + ℓt22 +
pt23 + ℓpt24.

Remark 3. Method 2 is a special case of Method 1, with θ :=

(
1 0
0 1

)
, i.e.

nrd(α0) = 0.

We observe that q̃(E1×E2,θ) above is a positive semi-definite form and apply-
ing10 Simon’s indefiniteLLL11 algorithm [61,65] quickly gives us positive definite
quintic form q(E1×E2,θ). Moreover, we can ensure with the irreducibility crite-
ria, Proposition 2 above, that the quintic form we obtained corresponds to a
superspecial abelian surface A = E1 × E2 over Fp with a reducible principal

10 Ours is a very special case: https://github.com/Nemocas/Nemo.jl/pull/2011.
11 https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/indefiniteLLL.jl
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polarization θ ∈ Pred(E1×E2) by using Kannan-Fincke-Pohst minVector12 algo-
rithm [35,16,56] to check that 1 is the minimum value it represents. Therefore,
the Algorithm 1 below lets us compute the quintic refined Humbert invariants
for principally polarized superspecial abelian surfaces.

Algorithm 1 RHI(p, ℓ, θ)

Input: odd prime p with ℓ such that Bp = (−ℓ,−p|Q) and polarization θ =
( u0 α0
α0 v0

)
where α0 := w0 + x0i+ y0j+ z0ij ∈ Z+ Zi+ Zj+ Zij

Output: coefficient matrix of quintic refined Humbert invariant q(E1×E2,θ).

1: A←


2v20 2(u0v0 − 2) −4v0w0 −4ℓv0x0 −4pv0y0 4ℓpv0z0

2(u0v0 − 2) 2u2
0 −4u0w0 −4ℓu0x0 −4pu0y0 4ℓpu0z0

−4v0w0 −4u0w0 8(1 + w2
0) 8ℓw0x0 8pw0y0 −8ℓpw0z0

−4ℓv0x0 −4ℓu0x0 8ℓw0x0 8ℓ(1 + ℓx2
0) 8ℓpx0y0 −8ℓ2px0z0

−4pv0y0 −4pu0y0 8pw0y0 8ℓpx0y0 8p(1 + py2
0) −8ℓp2y0z0

4ℓpv0z0 4ℓpu0z0 −8ℓpw0z0 −8ℓ2px0z0 −8ℓp2y0z0 8ℓp(1 + ℓpz20)


2: // the coefficient matrix of q̃(A,θ) with det(A) = 216ℓ2p2 (u0v0 − nrd(α0)− 1) = 0
3: A′ ← indefiniteLLL(A)
4: // A is 6× 6 positive semidefinite and A′ is 5× 5 positive definite.
5: if det(A′) = 213ℓ2p2 then
6: // Proposition 1 for ρ = 6 and qA = uv − w2 − ℓx2 − py2 − ℓpz2

7: L← Integer lattice with Gram matrix A′/2
8: if minVector(L) = 1 then
9: // (2) and [16, §2]

10: return A′

11: return 0

3.2 Principal polarizations

We aim to determine all possible quintic refined Humbert invariants that are
unique up to isometry. However, as per Proposition 4 above, for a given prime p,
two distinct principal polarizations can lead to the same quintic refined Humbert
invariant.

The discussion following Lemma 3 suggests that one can get all product
polarizations

( u0 α0
α0 v0

)
by varying u0, v0 ∈ Z>0 and taking α0 = w0 + x0i+ y0j+

z0ij ∈ Z⟨1, i, j, ij⟩ such that 0 ≤ w0, x0, y0, z0 ≤ v0 − 1 and nrd(w0 + x0i +
y0j + z0ij) = u0v0 − 1. Therefore, any representation of 1 by the intersection
form qA = qE1×E2

= uv − w2 − ℓx2 − py2 − ℓpz2 will correspond to a principal
polarization

( u0 α0
α0 v0

)
with α0 = w0+x0i+y0j+z0ij and u0v0−nrd(α0) = 1. Hence,

we must carefully choose the principal polarizations to improve the chances of
obtaining distinct non-isometric quintic refined Humbert invariants.

We begin by analyzing the symmetries in the coefficient matrix of q̃(E1×E2,θ)

in Algorithm 1. In general, θ =
( u0 α0
α0 v0

)
and θ′ =

( v0 α0
α0 u0

)
will lead to the

12 https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/Enumeration.jl
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same quintic refined Humbert invariant. That is, it is enough to consider the
principal polarizations with u0 = v0 = m and vary the value of m such that
p ∤ nrd(α0) = m2 − 1.

Therefore, the Algorithm 2 below gives us a finite list of principal polariza-
tions that will lead to a distinct coefficient matrix of q̃(E1×E1,θ).

Algorithm 2 polz(p, ℓ,m)

Input: odd prime p with ℓ such that Bp = (−ℓ,−p|Q) and positive integer m such
that m2 ̸≡ 1 (mod p).

Output: polarizations θ =
( u0 α0
α0 v0

)
where u0 = v0 = m and α0 = w0+x0i+y0j+z0ij ∈

Z+ Zi+ Zj+ Zij with 0 ≤ w0, x0, y0, z0 ≤ m− 1.
1: P ← [] // initialize an empty list
2: M ← m2 − 1
3: N ← m− 1
4: for z = 0 to N do
5: if ℓpz2 > M then
6: break
7: for y = 0 to N do
8: s← p(y2 + ℓz2)
9: if s > M then

10: break
11: r1 ←M − s
12: for x = 0 to N do
13: if ℓx2 > r1 then
14: break
15: r2 ← r1 − ℓx2

16: w = ⌊√r2⌋
17: if w2 = r2 and w ≤ N then
18: P.append([m,m,w, x, y, z])
19: return P

Special case: p ≡ 3 (mod 4). Note that in SQIsign and other isogeny-
based schemes we work with primes p ≡ 3 (mod 4) with Bp = (−1,−p|Q).
Then ℓ = 1 leads to further symmetries in the coefficient matrix of q̃(E1×E2,θ)

in Algorithm 1. In particular, θ =
(

m w0+x0i+y0j+z0ij
w0−x0i−y0j−z0ij m

)
and θ′ =(

m x0+w0i+z0j+y0ij
x0−w0i−z0j−y0ij m

)
will lead to the same quintic refined Humbert

invariant. Therefore, it is sufficient to consider α0 = w0 + x0i + y0j + z0ij such
that 0 ≤ w0 ≤ x0 ≤ m− 1 and 0 ≤ y0 ≤ z0 ≤ m− 1. This specialized version is
given in Algorithm 3.

3.3 Counting distinct forms

Knowing the expected number of unique (non-isometric) refined Humbert in-
variants will significantly speed up the process of finding all the quintic forms
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Algorithm 3 polzSQI(p,m)

Input: prime p ≡ 3 (mod 4) and positive integer m such that m2 ̸≡ 1 (mod p)
Output: polarizations θ =

( u0 α0
α0 v0

)
where u0 = v0 = m and α0 = w0+x0i+y0j+z0ij ∈

Z+ Zi+ Zj+ Zij with 0 ≤ w0 ≤ x0 ≤ m− 1 and 0 ≤ y0 ≤ z0 ≤ m− 1.
1: P ← [] // initialize an empty list
2: M ← m2 − 1
3: N ← m− 1
4: for z = 0 to N do
5: if pz2 > M then
6: break
7: for y = 0 to z do
8: s← p(y2 + z2)
9: if s > M then

10: break
11: r1 ←M − s
12: for x = 0 to N do
13: if x2 > r1 then
14: break
15: r2 ← r1 − x2

16: w = ⌊√r2⌋
17: if w2 = r2 and w ≤ x then
18: P.append([m,m,w, x, y, z])
19: return P

of interest, since it will allow us to stop computing new refined Humbert invari-
ants once the target number of non-isometric quintic integral quadratic forms
has been found. Therefore, here we discuss our attempt to get a bound on this
number.

When A is a supersingular elliptic curve, Deuring showed that A has a model
defined over Fp2 and the class number h of EndFp

(A) was calculated by Eichler
[10], Deuring [8], and Igusa [25].

h =
p− 1

12
+

1

4

(
1−

(
−1

p

))
+

1

3

(
1−

(
−3

p

))
. (12)

The calculation of the number of isomorphism classes of principal polarizations
on an abelian surface A, especially the number of isomorphism classes of smooth
genus 2 curves lying on A were calculated by Ibukiyama, Katsura and Oort [24]
in 1986 when A = E × E′, where E and E′ are supersingular elliptic curves.

Theorem 6. [24, Theorem 2.10] Let B2
p be a left Bp-vector space. The number

of principal polarizations on A = E × E up to automorphisms of A is equal
to the class number H2(p, 1) of the principal genus of the quaternion Hermitian
space B2

p.

The class number H1(p, 1) was explicitly computed by Eichler [10]. The class
number H2(p, 1) is calculated by Hashimoto and Ibukiyama [21]. By following
the notation of [24], we set h = H1(p, 1) and H = H2(p, 1). Deuring [8] showed
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that the number h is equal to the number of isomorphism classes of supersingular
elliptic curves over Fp as in (12).

Corollary 2. [24, Corollary 2.12] The number of isomorphism classes of non-
singular irreducible curves of genus 2 whose Jacobian is isomorphic to a product
of two supersingular elliptic curves is equal to H− h(h+1)

2 .

Hashimoto and Ibukiyama [21, p.1] gave a formula for H.
Later, Katsura and Oort gave [36, Theorem 3.3] simpler version of the formula

for H as follows:

H =
(p− 1)(p+ 12)(p+ 23)

2880
+

2p+ 13

96

(
1−

(
−1

p

))
+
p+ 11

36

(
1−

(
−3

p

))
+

1

8

(
1−

(
−2

p

))
+

1

12

(
1−

(
−3

p

))(
1−

(
−1

p

))
+

{
0 p ≡ 1, 2, 3 (mod 5)
4
5 p ≡ 4 (mod 5).

(13)

However, neither H nor h(h+1)
2 is an asymptotically tight bound for the number

of unique refined Humbert invariants (up to isometry). The H serves as an upper
bound on the number of all quintic refined Humbert invariants of a principally
polarized superspecial surface, while h(h+1)

2 is an upper bound on the the refined
Humbert invariants constructed with reducible polarizations, see Definition 7. If
we take two supersingular product surfaces A = E1×E2 and A′ = E′

1×E′
2, then

notice that two different principally polarized superspecial abelian surfaces (A, θ)
and (A′, θ′) can end up having the same refined Humbert invariants q(A,θ) ∼
q(A′,θ′) (up to equivalence). This means that the number of principally polarized
superspecial abelian surfaces over Fp given in Corollary 2 is not equal to the
number of refined Humbert invariants. In fact, we obtain less refined Humbert
invariants in our experiments (see Section 3.4). The number of genus 2 curves
with a given refined Humbert invariant is counted in the case of a CM product
surface, which has a ternary refined Humbert invariant, see [34]. Unfortunately,
there are no similar closed formulas for quintic refined Humbert invariants.

Remark 4. Notice that the cardinality |Aut(A) \ P(A)red| of [33] is exactly
h(h+1)

2 in [24]. Kani examines the nature of principal polarizations by posi-
tive definite integral quadratic forms, while Ibukiyama does the same with the
quaternion hermitian forms. Therefore, genera, class numbers, type numbers,
and similar notions have to be taken in the correct language, and they should
be carefully translated into another one.

We use the Plesken-Souvignier isIsometric13 algorithm [55] to collect the
unique (up to isometry) refined Humbert invariants obtained from Algorithm 1
13 https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/Morphism.jl
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for various polarizations obtained from Algorithm 2 or Algorithm 3. That is,
we fix bounds a and b, run RHI(p, ℓ, θ) for all θ’s produced by polz(p, ℓ,m) for
a ≤ m ≤ b and p ∤ (m2 − 1), and save the non-isometric quintic forms which
represent 1 (see Algorithm 4).

Algorithm 4 allRHI(p, ℓ, a, b)

Input: odd prime p with ℓ such that Bp = (−ℓ,−p|Q), and a, b ∈ Z≥1.
Output: coefficient matrices of all unique refined Humbert for polarizations θ =( m α0

α0 m

)
with a ≤ m ≤ b

1: Q← [] // initialize the list of unique refined Humbert invariants
2: for m = a to b do
3: if m2 ̸≡ 1 (mod p) then
4: if ℓ = 1 then
5: Θm ← polzSQI(p,m)
6: else
7: Θm ← polz(p, ℓ,m)
8: for θ ∈ Θm do
9: A← RHI(p, ℓ, θ)

10: if A ̸= 0 then
11: s← true // assume unique
12: for A′ ∈ Q do
13: if A = A′ then
14: s← false // not unique
15: break
16: LA ← Integer lattice with Gram matrix A/2
17: if s = true then
18: for A′ ∈ Q do
19: LA′ ← Integer lattice with Gram matrix A′/2
20: if isIsometric(LA, LA′) = true then
21: s← false // not unique
22: break
23: if s = true then
24: Q.append(A)
25: return Q

Observation. Recall that in our notation, ℓ is the smallest positive integer
such that Bp = (−ℓ,−p|Q). Also, note that the number of isometry classes in
the genus of integer quadratic forms is finite [57, Theorem 6.10]. Moreover, we
can use Kneser’s neighbor method14 [42,64] to obtain the representatives of all
the isometry classes.

Table 1 below supports the choice of executing Algorithm 4 for 2ℓp ≤ m ≤
2ℓp+ p such that p ∤ (m2 − 1), because:
14 https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/Quad/

ZGenusRep.jl

20

https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/Quad/ZGenusRep.jl
https://github.com/thofma/Hecke.jl/blob/master/src/QuadForm/Quad/ZGenusRep.jl


1. #Θ ≫ H: That is, we are checking a lot more polarizations than the total
possible, up to isomorphism. Furthermore, consistently, about 10% of po-
larizations Θ lead to a quintic refined Humbert invariant which represents
1.

2. #RHI
iso

= #Gen(q5)
red

= #Gen(q4): Here q5(t0, t1, t2, t3, t4) = t20 + 4(t21 + ℓt22 +

pt23 + ℓpt24) is the diagonal form we obtained using Method 2 above, with

det(q5) = det

( 2 0 0 0 0
0 8 0 0 0
0 0 8ℓ 0 0
0 0 0 8p 0
0 0 0 0 8ℓp

)
= 213ℓ2p2. We can then obtain all the repre-

sentatives of the isometry classes in the genus of quadratic form q5, which
represent 1.
Next, using Lemma 2, we also obtain the degree map q4(t1, t2, t3, t4) =

nrd(t1+t2i+t3j+t4ij) = t21+ℓt
2
2+pt

2
3+ℓpt

2
4 with det(q4) = det

( 2 0 0 0
0 2ℓ 0 0
0 0 2p 0
0 0 0 2ℓp

)
=

24ℓ2p2. We can then obtain the representatives of the isometry classes in the
genus of quadratic form q4.
Therefore, for our choice of a = 2ℓp and b = 2ℓp+p, we obtain all the quintic
form representatives with determinant 213ℓ2p2 and minimum value 1.

3. #RHI
iso

≫ h(h+1)
2 : That is, we have computed a superset of the desired quintic

refined Humbert invariants, as in Proposition 4.

Table 1. Comparing the results of allRHI(p, ℓ, 2ℓp, 2ℓp+p) for the first 9 primes p > 20,
with the isometry class representatives found using Kneser’s neighbor method. Here Θ
is the set of polarizations checked, RHI

red
is the set of quintic refined Humbert invariants

which represent 1, and RHI
iso
⊆ RHI

red
is the set of isometry class representatives which

represent 1.

p ℓ H #Θ #RHI
red

#RHI
iso

#Gen(q5)
red

#Gen(q4)
h(h+1)

2

23 1 16 986 108 13 13 13 6
29 2 24 8714 953 22 22 22 6
31 1 26 1737 187 19 19 19 6
37 2 37 13595 1383 36 36 36 6
41 3 50 29995 2901 129 129 129 10
43 1 55 3384 374 25 25 25 10
47 1 72 3967 397 39 39 39 15
53 2 93 28091 2887 60 60 60 15
59 1 125 6153 642 47 47 47 21

Complexity analysis. We consider the simplest case p ≡ 3 (mod 4), and study
the time complexity of allRHI(p, 1, 2p, 3p). It makes O(p) calls to polzSQI leading
to the set of polarizations Θm, and #Θm = O(p4) calls to RHI.
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– polzSQI(p,m). This essentially uses modular arithmetic to solve w2 + x2 +
py2+pz2 = m over Z/mZ. Since there are three nested loops of sizeO(m), the
overall complexity is O(m3). However, since 2p ≤ m ≤ p, we get m = O(p)
and overall runtime complexity of O(p3). However, on average, the break
statements lead to a runtime complexity of O(m2) = O(p2).

– RHI(p, 1, θ). It starts by constructing a 6 × 6 matrix A with entries of size
O(p4). Then it makes at most one call to each of indefiniteLLL and minVector.
• indefiniteLLL(A). The input is a 6-dimensional positive semi-definite Gram

matrix A. First, it uses Hermite normal form to remove the kernel from
A and obtain a 5-dimensional positive definite Gram matrix Ã [5, §2.4.3].
Next it applies the Lenstra-Lenstra-Lovász (LLL) algorithm to Ã to out-
put A′ [5, §2.6]. Due to the fixed dimension of the input matrices, the
overall computation complexity is dominated by the size of the entries
of the input matrix. Therefore, the runtime of this step is O(logk(N))
where k is some constant and N = O(p4) is the size of the entries, i.e.,
overall time complexity is O(logk(p)).

• minVector(LA′). The input is the LLL-reduced 5-dimensional positive
definite lattice LA′ . The lattice enumeration step dominates overall com-
plexity with exponential time complexity O(cn) where c > 1 depends on
the lattice geometry and n = 5 is the dimension of the lattice [5, §2.7.3].

– isIsometric(LA, LA′). The first step requires the enumeration of (many) short
lattice vectors. For small dimensions, this is made practical by considering
(geometric) invariants to improve the search [68, §9.4]. We can say that it
has exponential time complexity O(exp(f(a, b))) in the worst case, where
f is a function of a (the number of short vectors) and b (the size of the
automorphism group of the lattices).

Therefore, our algorithm has a complicated exponential time complexity, which
is dominated by isIsometric that is called O(p5) times.

3.4 Experiment

We start with a supersingular product surface A = E1×E2 where E1 and E2 are
unknown supersingular elliptic curves. We choose a principal (canonical) product
polarization θE1×E2

, and a random divisor D on E1 × E2. We then calculate
the refined Humbert invariant by using Algorithm 1 with the use of intersection
formulas for various principal polarizations from Algorithm 2 or Algorithm 3, and
then use Equation (8) to extract the degree map. Hence, checking the existence
of N -isogenies between two supersingular elliptic curves E1 and E2 over Fp is
equivalent to checking the existence of a solution of the degree map for a given
fixed p and varying N , and no explicit solution is needed.

Thus, in terms of the bound on the maximum of minimum degrees of su-
persingular isogenies, we would like to find the minimum values represented by
such degree maps, as they are exactly the minimum degree isogenies between two
supersingular elliptic curves. That is, we seek to understand how the following

22



value varies as we vary p:

d := max
qE1,E2

{min{N : qE1,E2
(t1, t2, t3, t4) = N for some t1, t2, t3, t4 ∈ Z}}. (14)

Here, we directly compute the degree maps from refined Humbert invariants
without KLPT, and our input does not depend on the chosen elliptic curves E1

and E2. Hence, we can test the degree maps (see Definition 4) on average varying
over different elliptic curves.

We implemented all the algorithms from Section 3 using a Julia package
called OSCAR [62,7], especially using its dependency package Nemo/Hecke [15].
The code and data are available at:

https://github.com/gkorpal/humbert-degree.

Our experiment involves running Algorithm 4 for a = 2ℓp and b = 2ℓp+p, which
serve as the lower and upper bounds on the m values in the principal polarization
θ =

( m α0
α0 m

)
. We then use (8) to extract the degree map and compute the value

of d defined in (14).
Table 2 below summarizes our findings for all primes 20 < p < 200. We

observe that d2 ≈ ℓp, which is illustrated by the plot in Figure 1.
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Data points
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Fig. 1. Visualizing the data collected in Table 2 for all primes up to 200 (except
p = 193).

Special case: p ≡ 3 (mod 4). Note that in SQIsign-variants and other
isogeny schemes, we mostly work with primes p ≡ 3 (mod 4) withBp = (−1,−p|Q).
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Table 2. We get the following results for allRHI(p, ℓ, 2ℓp, 2ℓp+ p) for primes 20 < p <
200. Here, d is the maximum of all minimum degrees. The primes marked with * are the
ones for which a new quintic refined Humbert invariant was obtained for m ≈ 2ℓp+ p.

p ℓ H #Θ #RHI
red

#RHI
iso

h(h+1)
2

d

23 1 16 986 108 13 6 5
29 2 24 8714 953 22 6 7
31 1 26 1737 187 19 6 7
37 2 37 13595 1383 36 6 8
41 3 50 29995 2901 129 10 11
43 1 55 3384 374 25 10 7
47* 1 72 3967 397 39 15 8
53 2 93 28091 2887 60 15 10
59 1 125 6153 642 47 21 8
61 2 128 37004 3893 80 15 13
67 1 166 8066 841 52 21 9
71* 1 198 8939 892 75 28 11
73 7 204 186550 16889 1451 21 28
79 1 256 10909 1086 75 28 9
83 1 296 12023 1223 79 36 9
89 3 352 139886 12898 546 36 18
97 7 436 327338 29563 2514 36 32
101 2 493 100944 10092 196 45 15
103 1 518 18476 1827 123 45 12

p ℓ H #Θ #RHI
red

#RHI
iso

h(h+1)
2

d

107 1 581 19811 1999 116 55 11
109 2 600 116970 12245 218 45 16
113 3 668 227036 21225 871 55 22
127 1 918 27928 2703 165 66 15
131 1 1008 29643 2952 182 78 13
137 3 1134 331472 30693 1255 78 24
139* 1 1179 33245 3263 187 78 12
149 2 1433 217553 21793 394 91 18
151 1 1484 39203 3817 228 91 15
157 2 1648 240719 24759 464 91 21
163 1 1838 45867 4542 246 105 13
167 1 1978 47627 4588 307 120 16
173 2 2176 292760 30318 524 120 19
179 1 2404 54447 5304 305 136 16
181 2 2461 318911 32417 578 120 23
191 1 2886 62475 5947 397 153 17
193 11 2952 — — 2519 136 55
197 2 3141 377338 37975 662 153 22
199 1 3230 67288 6515 389 153 16

Our second experiment involves running Algorithm 4 for a = 2p and b = 3p,
which serve as the lower and upper bounds on the m values in the principal
polarization θ =

( m α0
α0 m

)
. Table 3 below summarizes our findings for all primes

200 < p < 730 such that p ≡ 3 (mod 4). We observe that the minimum isogeny
degree d has an average complexity of p1/2 (see Figure 2).

Furthermore, we can use our data to study the minimum degree distribution
for a given prime. For example, Figure 3 contains the frequency bar graph for
p = 647.

Remark 5. Most of the data in this paper was obtained using a high-performance
computing cluster, as there were a lot of computations involved. This is because
we wanted to push the computational limits for finding all refined Humbert
invariants up to different bounds. We tried to find all integral quadratic forms
satisfying the conditions, but there were simply too many of them that couldn’t
be handled by a classical computer.
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Table 3. We get the following results for allRHI(p, 1, 2p, 3p) where p is one of the 43
primes p > 200 and p ≡ 3 (mod 4). The primes marked with * are the ones for which
a new quintic refined Humbert invariant was obtained for m ≈ 3p.

p H #Θ #RHI
red

#RHI
iso

h(h+1)
2

d

211 3814 75944 7378 390 171 16
223 4466 84610 8163 475 190 17
227 4712 87649 8418 468 210 18
239 5460 96478 9251 594 231 20
251* 6281 106861 10337 589 253 19
263 7182 116991 11195 667 276 19
271 7812 125139 11921 690 276 21
283 8851 135598 13039 704 300 21
307 11198 158914 15200 825 351 20
311 11644 162544 15507 985 378 21
331 13927 185313 17682 928 406 23
347 15993 203905 19309 1020 465 23
359 17654 217351 20594 1243 496 24
367 18800 227167 21443 1193 496 24
379 20647 242478 23050 1201 528 24
383 21310 246557 23088 1362 561 24
419 27692 294345 27909 1528 666 25
431 30072 311390 29520 1735 703 25
439 37052 323986 30569 1693 703 27
443 32585 329752 31172 1633 741 27
463 37052 359620 34194 1815 780 25

p H #Θ #RHI
red

#RHI
iso

h(h+1)
2

d

467 38024 366216 34548 1846 820 25
479 40958 384495 36110 2181 861 28
487 42966 399110 37537 1986 861 27
491 44037 404169 38187 2046 903 27
499 46146 417908 39560 2047 903 28
503 47268 423320 39858 2281 946 29
523 52967 459780 43388 2294 990 27
547 60430 502191 47454 2445 1081 28
563 65808 530513 50238 2661 1176 29
571 68563 545586 51682 2665 1176 31
587 74405 577500 54265 2857 1275 28
599 78972 600362 56507 3204 1326 30
607 82082 616645 57955 3098 1326 30
619 86955 641079 60539 3164 1378 29
631 92016 666927 62661 3324 1431 32
643 97270 — — 3435 1485 33
647 99102 699249 65693 3650 1540 35
659 104620 — — 3623 1596 32
683 116261 — — 3778 1711 31
691 120286 — — 3896 1711 32
719 135296 — — 4612 1891 36
727 139748 — — 4418 1891 33

4 Applications to supersingular isogeny degrees

The efficient computation of refined Humbert invariants is an open avenue to
work on a variety of isogeny problems. The first appearance of refined Humbert
invariants in isogeny-based cryptography appeared in [41], where it was shown
that the computational refined Humbert invariant problem is equivalent to the
computational isogeny problem (for SQIsign and CSIDH). Another application
of refined Humbert invariants is developed in [40] to understand the splitting
behaviors of principally polarized superspecial abelian surfaces.

We would like to stress that the efficient computation of refined Humbert
invariants of principally polarized abelian surfaces is very effective in detecting
the product polarizations, as done above by using irreducibility criteria. Proposi-
tion 2. This might have a great potential for certain applications in isogeny-based
schemes of abelian surfaces. Unfortunately, there is no direct algorithm to com-
pute these invariants starting from the elliptic curve equations in the literature
yet.
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Fig. 2. Visualizing the data collected in Table 2 and Table 3 for first 63 primes p > 20
and p ≡ 3 (mod 4).

The potential advantage that we expect from a refined Humbert invariant
q(A,θ) of a principally polarized abelian surface (A, θ) is that it allows us to use
the intersection theory of divisors on surfaces, see [20, §V.1] and [58, §4.1], and
only the degrees of isogenies are used rather than isogenies themselves in the
intersection formulas. At first sight, it might appear that we are just considering
the degree map qE1,E2

on Hom(E1, E2) by the equivalence given in (8). However,
to the best of our knowledge, there is no generic method to understand degree
maps on qE1,E2

on Hom(E1, E2) without knowing the equations defining E1 and
E2.

What is known about the degrees of isogenies can be summarized as follows.
The output of the KLPT algorithm [44] gives an equivalent ideal of norm too
big, i.e., an isogeny of big degree, which is roughly around ≈ p15/4. Later, it was
improved to ≈ p3 in [54]. This issue was reconsidered in SQIsign [13] by designing
a new algorithm with a slightly bigger output, the Generalized KLPT algorithm,
and tailoring it for their new signature scheme [3, §2.5]. In KLPT-based SQIsign,
signature isogenies are required to have smooth degrees. However, the isogeny
of the smallest degree between two supersingular elliptic curves typically does
not meet this smoothness requirement. As a result, small isogeny degrees cannot
be directly used for generating signatures. To eliminate this problem, signature
schemes including isogenies between abelian surfaces are designed [6,49,1,9] by
using a technical result [27, Theorem 2.3] due to Kani.
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Fig. 3. For p = 647 and ℓ = 1, we checked 699, 249 polarizations leading to 65, 693
quintic refined Humbert invariants belonging to one of the 3, 650 isometry classes of
the form t20 + 4qE1,E2(t1, t2, t3, t4). Here we see the distribution of minimum values of
all the degree maps qE1,E2 we obtained.

Assumption on the upper bound on minimum isogeny degrees without
endomorphism rings. We show that the upper bound on the minimum degree
of an isogeny that is attained by any pair of supersingular elliptic curves is as
small as ≈ 1.22

√
ℓp. If one can compute the refined Humbert invariant q(A,θ) of

a principally polarized superspecial abelian surface A = E1 × E2 without the
knowledge of either End(Ei) for i = 1, 2, then it is possible to find the smallest
degree of an isogeny between E1 and E2. The advantage of refined Humbert
invariants is that this problem can be worked on in average. Our experiments,
see Section 3.4, show that the maximum of all the minimum degree isogenies
attained with every pair of supersingular elliptic curves for the primes of the
form p ≡ 3 (mod 4), it is upper bounded on average by ≈ 1.31p1/2.

Our approach to studying degree forms using refined Humbert invariants
enables us to obtain the minimum degree frequency distribution, as shown in
the histogram in Figure 3 for p = 647. Such frequency distributions illustrate
the well-known results, like:
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1. random pairs of supersingular elliptic curves over Fp2 are unlikely to be
connected by isogenies of degrees significantly smaller than √

p [18, §4.2];
and

2. there is always a minimum isogeny degree value smaller than ≈ 0.9
√
p [6,

Lemma 12], [12, §2.1].

The fixed degree isogeny problem. In isogeny-based cryptography, two key
computational problems are the pure isogeny problem and the endomorphism
ring problem. Wesolowski [67] established a security reduction between com-
puting an isogeny between supersingular elliptic curves and determining their
endomorphism ring. Later, it was shown that finding non-scalar endomorphisms
is equivalent to solving the endomorphism ring problem [53].

In certain applications, specialization of isogeny problems with extra infor-
mation is utilized, such as fixing the degree of the isogeny. We aim to understand
the so-called fixed degree isogeny problem in detail. The problem says that given
supersingular elliptic curves E1 and E2 defined over the finite field Fp2 , and
given a positive integer N , find an isogeny φ : E1 → E2 of degree N if it exists.
In [18], it was mentioned that finding a fixed-degree isogeny is only known to be
equivalent to endomorphism ring computations if the isogeny degree is smaller
than √

p, where p is the characteristic of the finite field.
We address the problem of identifying isogenies of fixed degree between two

random supersingular elliptic curves, which is a significant problem in isogeny-
based cryptography. For isogenies of large degree, this can be efficiently solved
by the KLPT algorithm [44] or the generalized KLPT algorithm [13]. For small
isogeny degrees, usual lattice reduction techniques are sufficient. The interme-
diate range of isogeny degrees was recently investigated in [2]; the improved
algorithms for the fixed degree isogeny problem with the given endomorphism
rings were worked out in detail. Furthermore, a heuristic algorithm is provided
in [12] that operates in polynomial time for any degree d, under the condition
that both orders are oriented and possess a small class number.

Heuristically, it is believed that an isogeny of smooth degree ≈ p exists, yet
no efficient algorithm is currently known for finding such an isogeny. The best-
known classical methods, including exhaustive search and meet-in-the-middle
strategies, all remain exponential in cost. The improved algorithms using tech-
niques such as Cornacchia’s algorithm and multivariate Coppersmith methods
were introduced in [2], which offer better performance for certain ranges of de-
grees; especially when the degree is sufficiently smooth, they focus on the “mid-
dle” isogeny degree cases, i.e, isogenies of degrees between p1/2 and p3, see the
discussion in [2, §3]. Nonetheless, these approaches still rely on heuristics or par-
tial guessing of variables and do not yield a general polynomial-time solution.

The difference of our technique is no assumption on the endomorphism rings.
We compute all the degree maps that can appear over a fixed field; this is
done by the intersection theory of abelian surfaces. We first calculate quintic
refined Humbert invariants of principally polarized superspecial abelian surfaces
and then the degree maps (quaternary integral quadratic forms). Then, we can
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use known methods to work out the existence of a solution of the degree map
qE1,E2

, like p-adic methods. Different from [2], here we do not compute an isogeny
between two given supersingular elliptic curves by using a variant of KLPT or
any endomorphism ring of elliptic curves.

We just compute a random (candidate) refined Humbert invariant corre-
sponding to a principally polarized superspecial surface (A, θ) where A = E×E′

with a product polarization θ. Then calculate the degree map on Hom(E1, E2).
As we find a random degree map, we just need the existence of a solution rather
than finding a solution. The isogeny degrees between p1/2 and p3 can be worked
out easily with our method.

The minimum isogeny degree complexity. The minimum isogeny com-
plexity is around ≃ p1/2, and this was proved by different methods as follows.
Galbraith, Petit, Shani, and Ti demonstrated that if the degree of an isogeny
≃ p1/2 or shorter, the isogeny is mostly the shortest isogeny between the two
supersingular curves [18, §4.2]. Therein, they use the property of Ramanujan
graphs and give a counting argument to achieve this bound; however, the colli-
sions are not considered in their approach; but, it is known that there are very
few collisions for degrees ≤ √

p as worked out in [47].
Another proven bound is established in [6, Lemma 12]; the minimum degree of

isogenies between two supersingular elliptic curves is bounded above by 2
√
2p/π.

Here, this was achieved by lattice reduction and successive minima, and given
the endomorphism ring. It was also mentioned with a different perspective in
[47, Theorem 1.3(a)] by using non-scalar endomorphisms.

However, there is currently no proof about the sharpness of these proven
bounds. This is precisely where our experiments, based on degree maps derived
from refined Humbert invariants, become relevant. We provide strong evidence
supporting the validity of the above bounds, while also highlighting the need
for further work to sharpen the established bounds. We demonstrate evidence
on this complexity by calculating the refined Humbert invariant q(A,θ) and then
extracting degree maps qE1,E2

, and we compute this invariant without using any
information related to endomorphism rings.

Our data list all the possible degree maps qE1,E2 over a finite field of charac-
teristic p. For a fixed finite field, we listed all possible refined Humbert invariants
of a principally polarized superspecial abelian surface (A, θ) = (E1×E2, θE1×E2

),
then we list all the possible degree maps qE1,E2

which can appear over the pre-
scribed field. We reduce all the degree maps obtained using LLLreduction15, and
their first coefficient is the smallest integer represented by this form, namely the
minimum isogeny degree between E1 and E2. We apply the same procedure for
all the degree maps for each prime in our data. The data of all the degree maps
can be used to understand the frequency of the minimum isogeny, and there are
mostly repetitions. For instance, the distribution for p = 647 and ℓ = 1 is demon-
strated in Figure 3. For every prime up to p = 727, we computed all the degree
15 This is equivalent to Minkowski reduced form, see [50, Theorem 2.2.2], as the degree

map has 4 variables in our computations.
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maps, and we can verify these bounds with a distribution of minimum isogenies,
similar to the case of p = 647 as in Figure 3. To the best of our knowledge, this
is the first time that experimental data has been used to support these bounds.
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